We use a semi-numerical method to find the position and period of periodic orbits in a bisymmetrical potential, made up of a two dimensional harmonic oscillator, with an additional term of a Plummer potential, in a number of resonant cases. The results are compared with the outcomes obtained by the numerical integration of the equations of motion and the agreement is good. This indicates that the semi-numerical method gives general and reliable results. Comparison with other methods of locating periodic orbits is also made.
Introduction
Dynamical systems made up of harmonic oscillators have been extensively used over the last five decades in order to describe motion near an equilibrium point (see e.g Hénon and Heiles, 1964; Giorgilli and Galgani, 1978; Saito and Ichimura, 1979; Caranicolas, 1993; 1994a ; Caranicolas and Karanis, 1998; Arribas at al., 2006) . In order to study these systems, scientists have used numerical (Karanis and Vozikis, 2008) or analytical methods (see Caranicolas and Barbanis, 1982; Deprit, 1991; Deprit and Elipe, 1991) .
Astronomers frequently use potentials made up of harmonic oscillators, in order to study local motion in galaxies. Of particular interest are the bisymmetrical potentials, as these systems have been used in order to describe motion near the center of an elliptical galaxy. A large part of the above studies have been devoted to locate the position and find the period of the periodic orbits, as these orbits represent the backbone of the whole set of orbits.
In an earlier paper Caranicolas and Innanen (1992) (hereafter Paper I), we studied the periodic motion in potentials of the form
in the case where ω 1 = ω 2 , that is when the frequencies of oscillations along the x and y axis, respectively, are equal. This is called a perturbed elliptic oscillator. In paper I, we used a combination of numerical and analytical calculations in order to find the position and the period of the periodic orbits for different h.o.t (higher order terms), that is for different perturbation functions.
In this article we shall use the potential
where µ and α are parameters. Potential (2) consists of a two dimensional harmonic oscillator with an additional Plummer sphere and can be used to describe motion in the central parts of a galaxy with a central bulge and a dense nucleus. The equations of motion for a test particle with a unit mass arë
where the dot indicates derivative with respect to the time. The corresponding Hamiltonian is written as
where p x and p y are the momenta per unit mass conjugate to x and y, while h > 0 is the numerical value of the Hamiltonian, which is conserved. Our aim is to find the position of periodic orbits and the corresponding periods in the resonant cases, using a semi-numerical procedure and also to compare the results with the outcomes given by the numerical integration of the equations of motion. We shall study the resonant cases ω 1 :ω 2 = 1:1, ω 1 :ω 2 = 2:1, ω 1 :ω 2 = 2:3 and ω 1 :ω 2 = 4:3. In order to keep thing simple, we use the values: µ = 0.001 and α = 0.25, while the value of the energy h, will be treated as a parameter. For the numerical integration of the equations of motion, a Bulirsh-Stöer numerical integration routine in double precision is used. The accuracy of the calculations is checked by the constancy of the energy integral (4), which is conserved up to the twelfth significant figure. The paper is organized as follows: In Section 2 we find the position and the periods of the periodic orbits starting perpendicularly from the x axis. In Section 3 we study periodic orbits going through the origin. A discussion and the conclusions of this work are presented in Section 4.
Periodic orbits starting perpendicularly from the x axis
We shall start for case when ω 1 = ω 2 = ω, that is for the 1:1 resonant case. In this case the potential (2) is axially symmetric and in polar coordinates (r, φ) takes the form
As the potential is axially symmetric the test particle's angular momentum L is an integral of motion. In this case the system has a circular periodic orbit of radius r c . Elementary calculations show that the angular momentum of this circular orbit is given by the equation
while the corresponding value of the energy is
The period of the circular periodic orbit can be found, if we observe that as the orbit is a circle with a radius r c the two frequencies ω 1a and ω 2a in equations (3) are always equal with a value
Thus the period of the circular orbit is given by T c = 2π
We now proceed to find the position of the periodic orbits in the case when ω 1 = 2ω 2 , that is in the resonance case 2:1. Let x s0 be the starting position of the periodic orbit from the x axis. Remember that y 0 = p x0 = 0, while the value of p y0 is always found from the energy integral (4) . Our numerical calculations show that the above value of p y0 is in a good agreement with the value
If we set x s0 = x, y = p x = 0, p y = x s0 /ω 2 , in the harmonic part of the Hamiltonian (4), that is when µ = 0 and solve the corresponding equation for x s , we find
which gives a first value for the starting point of the periodic orbit. Numerical experiments indicate that a good approximation for the frequency of the 2:1 periodic orbits is
Setting this value of the frequency in equation (10) we find
where x s is the new value of the starting point of the 2:1 periodic orbit. We now set x s = x, y = p x = 0, p ys = x s /w 2s , w 2s = w 1s /2 in Hamiltonian (4) and get
If we solve equation (14) for x s we obtain the starting point of the 2:1 periodic orbit. The period of the 2:1 periodic orbit is given by Table 1 gives the positions and periods of the 2:1 periodic orbits for several values of the energy h. Subscript n indicates values found by numerical integration, while subscript s indicates values found using equations (14) and (15) . One can see that the differences in the position of periodic orbits vary from 0 to about 9%, while in all cases the differences in the period are less than 1%. The values of the parameters are: ω 1 = 0.8, ω 2 = 0.4, µ = 0.001, α = 0.25. Figure 1 shows a 2:1 periodic orbit, for the above values of parameters when h = 0.05. The initial conditions are: x 0 = x n = 0.1295, y 0 = p x0 = 0, while the value of p y0 is found from the energy integral (4). The outermost curve is the curve of zero velocity.
Next we come to study the 2:3 resonance, that is when ω 1 : ω 2 = 2:3. Here the numerical calculations suggest that a good approximation for the starting point of the periodic orbit is given by the formula Table 1 . The value of energy is h = 0.05. Initial conditions are: x 0 = xn = 0.1295, y 0 = p x0 = 0, while the value of p y0 is found from the energy integral.
while the value of the corresponding period is
where Table 2 is similar to Table 1 , but for the 2:3 periodic orbits. We see that the agreement between the results given by numerical integration and the outcomes from the semi-numerical formulas (16) and (17) Table 2 . The value of energy is h = 0.08. Initial conditions are: x 0 = xn = 0.8562, y 0 = p x0 = 0, while the value of p y0 is found from the energy integral.
conditions are: x 0 = x n = 0.8562, y 0 = p x0 = 0, while the value of p y0 is found from the energy integral (4).
Finally we shall study the case when ω 1 : ω 2 = 4:3. In this case our numerical experiments show that the value of the starting point of the periodic orbit is well approximated if we use the formula (16) . The value of the corresponding period is now given by the formula
where
In Table 3 we make a comparison between the results given by the numerical integration and those using formulas (16) and (19) for several values of the energy h. We see that the agreement is again very good. In all numerical Table 3 . The value of energy is h = 0.40. Initial conditions are: x 0 = xn = 0.6847, y 0 = p x0 = 0, while the value of p y0 is found from the energy integral.
calculations we use the values: ω 1 = 0.8, ω 2 = 0.6, µ = 0.001, α = 0.25. Figure 3 shows a 4:3 periodic orbit, for the above values of parameters, when h = 0.40. Initial conditions are: x 0 = x n = 0.6847, y 0 = p x0 = 0, while the value of p y0 is found from the energy integral (4) .
From the study of the periodic orbits starting perpendicularly from the x axis in the above four resonance cases we can say the following. In the 1:1 resonance case there are analytical results for the position and period of the periodic orbits. On the other hand, in the other three resonance cases the semi-numerically derived formulas give interesting results. The outcomes from these formulas are in very good agreement with the results from numerical integration in the cases of the 2:3 and 4:3 resonant cases, while in the case of the 2:1 resonance the observed deviations are smaller than 10%. 
Periodic orbits going through the origin
In this Section we shall study the periodic orbits going through the origin. We start again from the he 1:1 interesting resonant case, when ω 1 = ω 2 = ω. For the motion along the lines
the equations of motion become identical, while the frequencies of the oscillations are always equal. Thus the straight lines (21) are exact 1:1 resonant periodic orbits going though the origin. The value of the corresponding period can be found if we use the formula
The frequency w s is given by the equation
where r a is the radius of the circle V (r) = h. Therefore all iso-energetic orbits (21) have the same period. In Table  4 we make a comparison between the period T s and the period T n found using numerical integration, for the 1:1 straight line periodic orbits, for six values of the energy h. As one can see there is a good agreement between T s and T n . In the case of the 2:1 resonance we did not find periodic orbits going through the origin. In fact, we searched up to values of the energy five times as large as those of Table 2 , without finding any 2:1 periodic orbits going through the origin.
Thus we come to find the periodic orbits going through the origin in the 2:3 resonance. The numerical calculations support the idea that the orbit starts from the origin with
while the value of p ys is found from the energy integral (4) . At the origin the system behaves as separable. The energy E xs along the x axis is 
We also observe that these orbits intersect the y axis perpendicularly. Let y s be the point of intersection. Numerical experiments show that the point of intersection can be found with sufficient accuracy using the equation
The period of the 2:3 periodic orbits going through the origin is well approximated if we use the formula Table 5 gives the values of the starting positions p xs and p xn of the 2:3 periodic orbits going through the origin. In the same Table, we give the values of y s and y n and the corresponding periods T s and T n for six values of the energy h. The agreement is good. The values of the parameters and the energies are as in Table 3 . Figure 4 shows a 2:3 periodic orbit going through the origin for the above values of parameters when h = 0.09. Initial conditions are: x 0 = y 0 = 0, p xn = 0.3768, while the value of p y0 is found from the energy integral (4).
Our last but not least case, is to give semi-numerical results for the position of the 4:3 periodic orbits going through the origin. It is found that the starting position of these orbits is given with good agreement if we use the following value for the p x
while the value of p ys is found from the energy integral (4). Working as in the case of the 2:3 resonance we find that the y s can be obtained by the same formula (27), while a good approximation for the period is obtained if we use the equation Table 2 . Initial conditions are: x 0 = y 0 = 0, p x0 = pxn = 0.3768, while the value of p y0 is found from the energy integral. Table 6 is similar to Table 5 for the 4:3 periodic orbits going through the origin. The values of the parameters and the energies are as in Table 3 . Figure 5 shows a 4:3 periodic orbit going through the origin for the above values of parameters when h = 0.50. Initial conditions are: x 0 = y 0 = 0, p xn = 0.6021, while the value of p y0 is found from the energy integral (4) .
In this Section we have studied the orbits going through the origin. Here we presented the resonant cases 1:1, 2:3 and 4:3. In the resonant case 2:1 we did not find resonant periodic orbits going through the origin. Our study shows that the semi-numerical formulas can give good a approximation for the position and periods of the resonant periodic orbits.
Discussion
In this paper we have studied the periodic orbits in a dynamical system composed of a two dimensional har- In this potential we presented semi-numerical formulas for the position and the period of the resonant periodic orbits intersecting the x axis perpendicularly and going through the origin. In semi-numerical methods we combine empirical or theoretical results or both, with results found numerically, in order to find relations or formulas giving outcomes that are close to those obtained by pure numerical methods, that is by numerical integration. At this point, it would be useful to refer to how the numerical results indicate or suggest the formulas giving the position and period of the periodic orbits. In other words, to explain how the formulas are obtained. This is done on a complete empirical basis, using simple expressions which, of course, contain the parameters entering the Hamiltonian (4) and give outcomes that are close to those given by the numerical integration. If the agreement is not satisfactory, we look for a new formula and so on, until we have achieved a good result. In some cases, we combine empirical and theoretical results in order to obtain a better accuracy (see equations (11)- (14)).
We have presented semi-numerical results in previous papers (see Paper I; Caranicolas, 1994a,b) not only for polynomial potentials representing local galactic motion (i.e. near an equilibrium point) but also for global galactic motion (Caranicolas and Innanen, 1991) . Semi-numerical methods were also used in Celestial Mechanics (see Henrard and Caranicolas, 1990) . Therefore these methods are a sharp tool in the study of dynamical systems.
It is well known that for the study of dynamical systems, scientists have used numerical or analytical methods (Deprit, 1991; Deprit and Elipe, 1991; Elipe, 2000; Elipe and Deprit, 1999) , or the integrals of motion (Ferrer et al., 1997; Ferrer et al., 1998; Ferrer et al., 1998) or maps (Caranicolas, 1990) . But analytical methods are not easy to apply in non-polynomial potentials (i.e. global galactic potentials such as mass models). Moreover maps or formal integrals of motion are not easy to find for potentials of the form (1). Therefore we decided to apply the seminumerical method in the potential (1). The good agreement between the results of the semi-numerical method and the outcomes given by the numerical integration of the equations of motion justifies our choice.
